Many of the static and dynamic properties of an atomic Bose-Einstein condensate (BEC) are usually studied by solving the mean-field Gross-Pitaevskii (GP) equation, which is a nonlinear partial differential equation for short-range atomic interaction. More recently, BEC of atoms with long-range dipolar atomic interaction are used in theoretical and experimental studies. For dipolar atomic interaction, the GP equation is a partial integro-differential equation, requiring complex algorithm for its numerical solution. Here we present numerical algorithms for both stationary and non-stationary solutions of the full three-dimensional (3D) GP equation for a dipolar BEC, including the contact interaction. We also consider the simplified one-(1D) and two-dimensional (2D) GP equations satisfied by cigar-and disk-shaped dipolar BECs. We employ the split-step Crank-Nicolson method with real-and imaginary-time propagations, respectively, for the numerical solution of the GP equation for dynamic and static properties of a dipolar BEC. The atoms are considered to be polarized along the z axis and we consider ten different cases, e.g., stationary and nonstationary solutions of the GP equation for a dipolar BEC in 1D (along x and z axes), 2D (in x − y and x − z planes), and 3D, and we provide working codes in Fortran 90/95 and C for these ten cases (twenty programs in all). We present numerical results for energy, chemical potential, root-mean-square sizes and density of the dipolar BECs and, where available, compare them with results of other authors and of variational and Thomas-Fermi approximations. Running time: Minutes on a medium PC (i, ii), tens of minutes on a medium PC (iii, iv), tens of minutes on a good workstation (v, vi).
Introduction
After the experimental realization of atomic Bose-Einstein condensate (BEC) of alkali-metal and some other atoms, there has been a great deal of theoretical activity in studying the statics and dynamics of the condensate using the mean-field time-dependent Gross-Pitaevskii (GP) equation under different trap symmetries [1] . The GP equation in three dimensions (3D) is a nonlinear partial differential equation in three space variables and a time variable and its numerical solution is indeed a difficult task specially for large nonlinearities encountered in realistic experimental situations [2] . Very special numerical algorithms are necessary for its precise numerical solution. In the case of alkali-metal atoms the atomic interaction in dilute BEC is essentially of short-range in nature and is approximated by a contact interaction and at zero tempearture is parametrized by a single parameter in a dilute BEC − the s-wave atomic scattering length. Under this approximation the atomic interaction is represented by a cubic nonlinearity in the GP equation. Recently, we published the Fortran [3] and C [4] versions of useful programs for the numerical solution of the time-dependent GP equation with cubic nonlinearity under different trap symmetries using split-step Crank-Nicolson scheme and real-and imaginary-time propagations. Since then, these programs enjoyed widespread use [5] .
More recently, there has been experimental observation of BEC of 52 Cr [6] , 164 Dy [7] and 168 Er [8] atoms with large magnetic dipole moments. In this paper, for all trap symmetries the dipolar atoms are considered to be polarized along the z axis. In these cases the atomic interaction has a long-range dipolar counterpart in addition to the usual contact interaction. The s-wave contact interaction is local and spherically symmetric, whereas the dipolar interaction acting in all partial waves is nonlocal and asymmetric. The resulting GP equation in this case is a partial integro-differential equation and special algorithms are required for its numerical solution. Different approaches to the numerical solution of the dipolar GP equation have been suggested [9, 10, 11, 12, 13, 14] . Yi and You [10] solve the dipolar GP equation for axially-symmetric trap while they perform the angular integral of the dipolar term, thus reducing it to one in axial (z, z ) and radial (ρ, ρ ) variables involving standard Elliptical integrals. The dipolar term is regularized by a cut-off at small distances and then evaluated numerically. The dipolar GP equation is then solved by imaginary-time propagation. Gòral and Santos [11] treat the dipolar term by a convolution theorem without approximation, thus transforming it to an inverse Fourier transformation (FT) of a product of the FT of the dipolar potential and the condensate density. The FT and inverse FT are then numerically evaluated by standard fast Fourier transformation (FFT) routines in Cartesian coordinates. The ground state of the system is obtained by employing a standard split-operator technique in imaginary time. This approach is used by some others [15] . Ronen et al. perform the angular integral in the dipolar term using axial symmetry. To evaluate it, in stead of FT in x, y, and z [11] , they use Hankel transformation in the radial ρ variable and FT in the axial z variable. The ground state wave function is then obtained by imaginary-time propagation and dynamics by real-time propagation. This approach is also used by some others [16] . Bao et al. use Euler sine pseudospectral method for computing the ground states and a time-splitting sine pseudospectral method for computing the dynamics of dipolar BECs [9] . Blakie et al. solve the projected dipolar GP equation using a Hermite polynomial-based spectral representation [13] . Lahaye et al. use FT in x, y, and z to evaluate the dipolar term and employ imaginary-and real-time propagation after Crank-Nicolson discretization for stationary and nonstationary solution of the dipolar GP equation [14] .
Here here we provide Fortran and C versions of programs for the solution of the dipolar GP equation in a fully anisotropic 3D trap by real-and imaginary-time propagation. We use split-step Crank-Nicolson scheme for the nondipolar part as in Refs. [3, 4] and the dipolar term is treated by FT in x, y, z variables. We also present the Fortran and C programs for reduced dipolar GP equation in one (1D) and two dimensions (2D) appropriate for a cigar-and disk-shaped BEC under tight radial (ρ) and axial (z) trapping, respectively [17] . In the 1D case, we consider two possibilities: the 1D BEC could be aligned along the polarization direction z or be aligned perpendicular to the polarization direction along x axis. Similarly, in the 2D case, two possibilities are considered taking the 2D plane as x − y, perpendicular to polarization direction z or as x − z containing the polarization direction. This amounts to five different trapping possibilities − two in 1D and 2D each and one in 3D − and two solution schemes involving real-and imaginary-time propagation resulting in ten programs each in Fortran and C.
In Sec. 2 we present the 3D dipolar GP equation in an anisotropic trap. In addition to presenting the mean-field model and a general scheme for its numerical solution in Secs. 2.1 and 2.2, we also present two approximate solution schemes in Secs. 2.3 and 2.4, − Gaussian variational approximation and ThomasFermi (TF) approximation − in this case. The reduced 1D and 2D GP equations appropriate for a cigarand a disk-shaped dipolar BEC are next presented in Secs. 2.5 and 2.6, respectively. The details about the computer programs, and their input/output files, etc. are given in Sec. 3. The numerical method and results are given in Sec. 4. Finally, a brief summary is given in Sec. 5.
Gross-Pitaevskii (GP) equation for dipolar condensates in three dimensions

The mean-field Gross-Pitaevskii equation
At ultra-low temperatures the properties of a dipolar condensate of N at atoms, each of mass m, can be described by the mean-field GP equation with nonlocal nonlinearity of the form: [10, 18] i ∂φ(r, t) ∂t
where dr|φ(r, t)| 2 = 1. The trapping potential, V trap is assumed to be fully asymmetric of the form
where ω x , ω y and ω z are the trap frequencies, a the atomic scattering length. The dipolar interaction, for magnetic dipoles, is given by [11, 16] 
where R = r − r determines the relative position of dipoles and θ is the angle between R and the direction of polarization z, µ 0 is the permeability of free space andμ is the dipole moment of the condensate atom.
To compare the contact and dipolar interactions, often it is useful to introduce the length scale a dd ≡ µ 0μ 2 m/(12π 2 ) [6] . Convenient dimensionless parameters can be defined in terms of a reference frequencyω and the corresponding oscillator length l = /(mω). Using dimensionless variablesr = r/l,R = R/l,ā = a/l,ā dd = a dd /l,t = tω,x = x/l,ȳ = y/l,z = z/l,φ = l 3/2 φ, Eq. (1) can be rewritten (after removing the overhead bar from all the variables) as
with
where γ = ω x /ω, ν = ω y /ω, λ = ω z /ω. The reference frequencyω can be taken as one of the frequencies ω x , ω y or ω z or their geometric mean (ω x ω y ω z ) 1/3 . In the following we shall use Eq. (3) where we have removed the 'bar' from all variables.
Although we are mostly interested in the numerical solution of Eq. (3), in the following we describe two analytical approximation methods for its solution in the axially-symmetric case. These approximation methods − the Gaussian variational and TF approximations − provide reasonably accurate results under some limiting conditions and will be used for comparison with the numerical results. Also, we present reduced 1D and 2D mean-field GP equations appropriate for the description of a cigar and disk-shaped dipolar BEC under appropriate trapping condition. The numerical solution and variational approximation of these reduced equations will be discussed in this paper. A brief algebraic description of these topics are presented for the sake of completeness as appropriate for this study. For a full description of the same the reader is referred to the original publications.
Methodology
We perform numerical simulation of the 3D GP equation (3) using the split-step Crank-Nicolson method described in detail in Ref. [3] . Here we present the procedure to include the dipolar term in that algorithm. The inclusion of the dipolar integral term in the GP equation in coordinate space is not straightforward due to the singular behavior of the dipolar potential at short distances. It is interesting to note that this integral is well defined and finite. This problem has been tackled by evaluating the dipolar term in the momentum (k) space, where we do not face a singular behavior. The integral can be simplified in Fourier space by means of convolution as
where n(r, t) = |φ(r, t)| 2 . The Fourier transformation (FT) and inverse FT, respectively, are defined by
The FT of the dipole potential can be obtained analytically [19] 
so that
To obtain Eq. (7), first the angular integration is performed. Then a cut-off at small r is introduced to perform the radial integration and eventually the zero cut-off limit is taken in the final result as shown in Appendix A of Ref. [19] . The FT of density n(r) is evaluated numerically by means of a standard FFT algorithm. The dipolar integral in Eq. (3) involving the FT of density multiplied by FT of dipolar interaction is evaluated by the convolution theorem (5) . The inverse FT is taken by means of the standard FFT algorithm. The FFT algorithm is carried out in Cartesian coordinates and hence the GP equation is solved in 3D irrespective of the symmetry of the trapping potential. The dipolar interaction integrals in 1D and 2D GP equations are also evaluated in momentum spaces. The solution algorithm of the GP equation by the split-step Crank-Nicolson method is adopted from Refs. [3, 4] . The 3D GP equation (3) is numerically the most difficult to solve involving large RAM and CPU time. A requirement for the success of the split-step Crank-Nicolson method using a FT continuous at the origin is that on the boundary of the space discretization region the wave function and the interaction term should vanish. For the long-range dipolar potential this is not true and the FT (7) is discontinuous at the origin. The space domain (from −∞ to +∞) cannot be restricted to a small region in space just covering the spatial extention of the BEC as the same domain is also used to calculate the FT and inverse FT used in treating the long-range dipolar potential. The use and success of FFT implies a set of noninteracting 3D periodic lattice of BECs in different unit cells. This is not true for long-range dipolar interaction which will lead to an interaction between BECs in different cells. Thus, boundary effects can play a role when finding the FT. Hence a suffciently large space domain is to be used to have accurate values of the FT involving the long-range dipolar potential. It was suggested [12] that this could be avoided by truncating the dipolar interaction conveniently at large distances r = R so that it does not affect the boundary, provided R is taken to be larger than the size of the condensate. Then the truncated dipolar potential will cover the whole condensate wave function and will have a continuous FT at the origin. This will improve the accuracy of a calculation using a small space domain. The FT of the dipolar potential truncated at r = R, as suggested in Ref. [12] , is used in the numerical routines
Needless to say, the diffculty in using a large space domain is the most severe in 3D. In 3D programs the cut-off R of Eq. (9) improves the accuracy of calculation and a smaller space region can be used in numerical treatment. In 1D and 2D, a larger space domain can be used relatively easily and no cut-off has been used. Also, no convenient and effcient analytic cut-off is known in 1D and 2D [12] . The truncated dipolar potential (9) has only been used in the numerical programs in 3D, e.g., imag3d* and real3d*. In all other numerical programs in 1D and 2D, and in all analytic results reported in the following the untruncated potential (7) has been used.
Gaussian variational approximation
In the axially-symmetric case (γ = ν), convenient analytic Lagrangian variational approximation of Eq. (3) can be obtained with the following Gaussian ansatz for the wave function [20] φ(r, t) = π
where r = {ρ, z}, ρ = {x, y}, w ρ (t) and w z (t) are widths and α(t) and β(t) are chirps. The time dependence of the variational parameters w ρ (t), w z (t), α(t) and β(t) will not be explicitly shown in the following. The Lagrangian density corresponding to Eq. (3) is given by
Consequently, the effective Lagrangian L ≡ L(r)dr (per particle) becomes [6, 21] 
The Euler-Lagrangian equations with this Lagrangian leads to the following set of coupled ordinary differential equations (ODE) for the widths w ρ and w z [22] 
with κ = w ρ /w z and
The widths of a (time-independent) stationary state are obtained from Eqs. (13) and (14) by setting w ρ =ẅ z = 0. The energy (per particle) of the stationary state is the Lagrangian (12) with α = β = 0, e.g.,
The chemical potential µ = ∂E/∂N at of the stationary state is given by [22] 
Thomas-Fermi (TF) approximation
In the time-dependent axially-symmetric GP equation (3), when the atomic interaction term is large compared to the kinetic energy gradient term, the kinetic energy can be neglected and the useful TF approximation emerges. We assume the normalized density of the dipolar BEC of the form [1, 23, 24, 25] n(r, t) ≡ |φ(r, t)
where R ρ (t) and R z (t) are the radial and axial sizes. The time dependence of these sizes will not be explicitly shown in the following. Using the parabolic density (20), the energy functional E T F may be written as [24] 
whereκ = R ρ /R z is the ratio of the condensate sizes and f (κ) is given by Eq. (17). In Eq. (21), E trap is the energy in the trap and E int is the interaction or release energy in the TF approximation. In the TF regime one has the following set of coupled ODEs for the evolution of the condensate sizes [23] :
The sizes of a stationary state can be calculated from Eqs. (22) and (23) by setting the time derivativesR ρ andR z to zero leading to the transcendental equation forκ [23] 3κ
and
with R z = R ρ /κ. The chemical potential is given by [24] 
We have the identities
2.5. One-dimensional GP equation for a cigar-shaped dipolar BEC 2.5.1. z direction For a cigar-shaped dipolar BEC with a strong axially-symmetric (ν = γ) radial trap (λ < ν, γ), we assume that the dynamics of the BEC in the radial direction is confined in the radial ground state [22, 26, 27] 
of the transverse trap and the wave function φ(r) can be written as
where φ 1D (z, t) is the effective 1D wave function for the axial dynamics and d ρ is the radial harmonic oscillator length.
To derive the effective 1D equation for the cigar-shaped dipolar BEC, we substitute the ansatz (28) in Eq. (3), multiply by the ground-state wave function φ(ρ) and integrate over ρ to get the 1D equation [22, 26] 
where
Here and in all reductions in Secs. 2.5 and 2.6 we use the untruncated dipolar potential (7) and not the truncated potential (9) . The integral term in the 1D GP equation (29) is conveniently evaluated in momentum space using the following convolution identity [22] 
The 1D GP equation (29) can be solved analytically using the Lagrangian variational formalism with the following Gaussian ansatz for the wave function [22] :
where w z (t) is the width and β(t) is the chirp. The Lagrangian variational formalism leads to the following equation for the width w z (t) [22] :
The time-independent width of a stationary state can be obtained from Eq. (36) by settingẅ z (t) = 0. The variational chemical potential for the stationary state is given by [22] 
The energy per particle is given by
x direction
For a cigar-shaped dipolar BEC with a strong axially-symmetric (ν = λ) radial trap (γ < ν, λ), we assume that the dynamics of the BEC in the radial direction is confined in the radial ground state [22, 26, 27] 
where φ 1D (x, t) is the effective 1D wave function for the dynamics along x axis and d ρ is the radial harmonic oscillator length.
To derive the effective 1D equation for the cigar-shaped dipolar BEC, we substitute the ansatz (40) in Eq. (3), multiply by the ground-state wave function φ(ρ) and integrate over ρ to get the 1D equation
To derive Eq. (41), the dipolar term in Eq. (3) is first written in momentum space using Eq. (8) and the integrations over k y and k z are performed in the dipolar term.
2.6. Two-dimensional GP equation for a disk-shaped dipolar BEC 2.6.1. x − y plane For an axially-symmetric (ν = γ) disk-shaped dipolar BEC with a strong axial trap (λ > ν, γ), we assume that the dynamics of the BEC in the axial direction is confined in the axial ground state
and we have for the wave function
where ρ ≡ (x, y), φ 2D (ρ, t) is the effective 2D wave function for the radial dynamics and d z is the axial harmonic oscillator length. To derive the effective 2D equation for the disk-shaped dipolar BEC, we use ansatz (45) in Eq. (3), multiply by the ground-state wave function φ(z) and integrate over z to get the 2D equation [22, 28] 
where k ρ = k 2 x + k 2 y , and
To derive Eq. (46), the dipolar term in Eq. (3) is first written in momentum space using Eq. (8) and the integration over k z is performed in the dipolar term. The 2D GP equation (46) can be solved analytically using the Lagrangian variational formalism with the following Gaussian ansatz for the wave function [22] :
where w ρ (t) is the width and α(t) is the chirp. The Lagrangian variational formalism leads to the following equation for the width w ρ [22] :
The time-independent width of a stationary state can be obtained from Eq. (50) by settingẅ ρ (t) = 0. The variational chemical potential for the stationary state is given by [22] 
2.6.2. x − z plane For a disk-shaped dipolar BEC with a strong axial trap along y direction (ν > λ, γ), we assume that the dynamics of the BEC in the y direction is confined in the ground state
where now ρ ≡ (x, z), and φ 2D (ρ, t) is the circularly-asymmetric effective 2D wave function for the 2D dynamics and d y is the harmonic oscillator length along y direction. To derive the effective 2D equation for the disk-shaped dipolar BEC, we use ansatz (54) in Eq. (3), multiply by the ground-state wave function φ(y) and integrate over y to get the 2D equation
where k ρ = k 2 z + k 2 x , and
To derive Eq. (55), the dipolar term in Eq. (3) is first written in momentum space using Eq. (8) and the integration over k y is performed in the dipolar term.
Details about the programs
Description of the programs
In this subsection we describe the numerical codes for solving the dipolar GP equations (29) and (41) in 1D, Eq. (46) and (55) in 2D, and Eq. (3) in 3D using real-and imaginary-time propagations. The real-time propagation yields the time-dependent dynamical results and the imaginary-time propagation yields the time-independent stationary solution for the lowest-energy state for a specific symmetry. We use the splitstep Crank-Nicolson method for the solution of the equations described in Ref. [3] . The present programs have the same structure as in Ref. [3] with added subroutines to calculate the dipolar integrals. In the absence of dipolar interaction the present programs will be identical with the previously published ones [3] . A general instruction to use these programs in the nondipolar case can be found in Ref. [3] and we refer the interested reader to this article for the same.
The present Fortran programs named ('imag1dX.f90', 'imag1dZ.f90'), ('imag2dXY.f90', 'imag2dXZ.f90'), 'imag3d.f90', ('real1dX.f90', 'real1dZ.f90'), ('real2dXY.f90', 'real2dXZ.f90'), 'real3d.f90', deal with imaginaryand real-time propagations in 1D, 2D, and 3D and are to be contrasted with previously published programs [3] 'imagtime1d.F', 'imagtime2d.f90', 'imagtime3d.f90', 'realtime1d.F', 'realtime2d.f90', and 'realtime3d.f90', for the nondipolar case. The input parameters in Fortran programs are introduced in the beginning of each program. The corresponding C codes are called (imag1dX.c, imag1dX.h, imag1dZ.c, imag1dZ.h,), (imag2dXY.c, imag2dXY.h, imag2dXZ.c, imag2dXZ.h,), (imag3d.c, imag3d.h), (real1dX.c, real1dX.h, real1dZ.c, real1dZ.h,), (real2dXY.c, real2dXY.h, real2dXZ.c, real2dXZ.h,), (real3d.c, real3d.h), with respective input files ('imag1dX-input', 'imag1dZ-input'), ('imag2dXY-input', 'imag2dXZ-input'), 'imag3d-input', ('real1dX-input','real1dZ-input'), ('real2dXY-input', 'real1dXZ-input'), 'real3d-input', which perform identical executions as in the Fortran programs.
We present in the following a description of input parameters. The parameters NX, NY, and NZ in 3D (NX and NY in 2DXY, NX and NZ in 2DXZ) , and N in 1D stand for total number of space points in x, y and z directions, where the respective space steps DX, DY, and DZ can be made equal or different; DT is the time step. The parameters NSTP, NPAS, and NRUN denote number of time iterations. The parameters GAMMA (γ), NU (ν), and LAMBDA (λ) denote the anisotropy of the trap. The number of atoms is denoted NATOMS (N at ), the scattering length is denoted AS (a) and dipolar length ADD (a dd ). The parameters G0 (4πN at a) and GDD0 (3a dd N at ) are the contact and dipolar nonlinearities. The parameter OPTION = 2 (default) defines the equations of the present paper with a factor of half before the kinetic energy and trap; OPTION = 1 defines a different set of GP equations without these factors, viz Ref. [3] . The parameter AHO is the unit of length and Bohr a0 is the Bohr radius. In 1D the parameter DRHO is the radial harmonic oscillator d ρ and in 2D the parameter D Z or D Y is the axial harmonic oscillator length d z or d y . The parameter CUTOFF is the cut-off R of Eq. (9) in the 3D programs. The parameters GPAR and GDPAR are constants which multiply the nonlinearities G0 and GDD0 in realtime routines before NRUN time iterations to study the dynamics.
The programs, as supplied, solve the GP equations for specific values of dipolar and contact nonlinearities and write the wave function, chemical potential, energy, and root-mean-square (rms) size(s) etc. For solving a stationary problem, the imaginary-time programs are far more accurate and should be used. The real-time programs should be used for studying non-equilibrium problems reading an initial wave function calculated by the imaginary-time program with identical set of parameters (set NSTP = 0, for this purpose, in the real-time programs). The real-time programs can also calculate stationary solutions in NSTP time steps (set NSTP = 0 in real-time programs), however, with less accuracy compared to the imaginary-time programs. The larger the value of NSTP in real-time programs, more accurate will be the result [3] . The nonzero integer parameter NSTP refers to the number of time iterations during which the nonlinear terms are slowly introduced during the time propagation for calculating the wave function. After introducing the nonlinearities in NSTP iterations the imaginary-time programs calculate the final result in NPAS plus NRUN time steps and write some of the results after NPAS steps to check convergence. The real-time programs run the dynamics during NPAS steps with unchanged initial parameters so as to check the stability and accuracy of the results. Some of the nonlinearities are then slightly modified after NPAS iterations and the small oscillation of the system is studied during NRUN iterations.
Each program is preset at fixed values of contact and dipolar nonlinearities as calculated from input scattering length(s), dipolar strength(s), and number of atom(s), correlated DX-DT values and NSTP, NPAS, and NRUN, etc. A study of the correlated DX and DT values in the nondipolar case can be found in Ref. [3] . Smaller the steps DX, DY, DZ and DT, more accurate will be the result, provided we integrate over a reasonably large space region by increasing NX, NY, and NZ, etc. Each supplied program produces result up to a desired precision consistent with the parameters employed − G0, GDD0, DX, DY, DZ, DT, NX, NY, NZ, NSTP, NPAS, and NRUN etc.
Description of Output files
Programs 'imagnd*' (n = 1, 2, 3, C and Fortran): They write final density in files 'imagnd-den.txt' after NRUN iterations. In addition, in 2D and 3D, integrated 1D densities 'imagnd*-den1d x.txt', 'imagnd*-den1d y.txt','imagnd*-den1d z.txt', along x, y, and z, etc, are given. These densities are obtained by integrating the densities over eliminated space variables. In addition, in 3D integrated 2D densities 'imag3d-den2d xy.txt', 'imag3d-den2d yz.txt','imag3d-den2d zx.txt', in xy, yz, and zx planes can be written (commented out by default). The files 'imagnd*-out.txt' provide different initial input data, as well as chemical potential, energy, size, etc at different stages (initial, after NSTP, NPAS, and after NRUN iterations), from which a convergence of the result can be inferred. The files 'imagnd*-rms.txt' provide the different rms sizes at different stages (initial, after NSTP, NPAS, and after NRUN iterations).
Programs 'realnd*' (n = 1, 2, 3, C and Fortran): The same output files as in the imaginary-time programs are available in the real-time programs. The real-time densities are reported after NPAS iterations. In addition in the 'realnd*-dyna.txt' file the temporal evolution of the widths are given during NPAS and NRUN iterations. Before NRUN iterations the nonlinearities G0 and GDD0 are multiplied by parameters GPAR and GDPAR to start an oscillation dynamics.
Running the programs
In addition to installing the respective Fortran and C compilers one needs also to install the FFT routine FFTW in the computer. To run the Fortran programs the supplied routine fftw3.f03 should be included in compilation. The commands for running the Fortran programs using INTEL, GFortran, and Oracle Sun compilers are given inside the Fortran programs. The programs are submitted in directories with option to compile using the command 'make'. There are two files with general information about the programs and FT for user named 'readme.txt' and 'readme-fftw.txt'. The Fortran and C programs are in directories ../f program and ../c program. Inside these directories there are subdirectories such as ../input, ../output, ../src. The subdirectory ../output contains output files the programs generate, ../input contains input files for C programs, and ../src contains the different programs. The command 'make' in the directory ../f program or ../c program compiles all the programs and generates the corresponding executable files to run. The command 'make' for INTEL, GFortran and OracleSun Fortran are given.
Numerical Results
In this section we present results for energy, chemical potential and root-mean-square (rms) sizes for different stationary BECs in 1D, 2D, and 3D, and compare with those obtained by using Gaussian variational and TF approximations, wherever possible. We also compare with available results by other authors. For a fixed space and time step, sufficient number of space discretizing points and time iterations are to be allowed to get convergence.
First we present in table 1 numerical results for the energy E, chemical potential µ, and rms size z calculated using the imaginary-time program for the 1D dipolar GP equation (29) for 52 Cr atoms with a = 6 nm (≈ 113a 0 with a 0 the Bohr radius), and a dd = 16a 0 for λ = 1, d ρ = 1, l = 1 µm and for different number of atoms N at and different space and time steps dz and dt. The Gaussian variational approximations obtained from Eqs. (36), (37) and (38) are also given for comparison. The variational results provide better approximation to the numerical solution for a smaller number of atoms. (29) for λ = 1, dρ = 1 µm for the 52 Cr BEC with a = 6 nm, a dd = 16a 0 and different number of atoms Nat. In Eqs. (3) and (29) (37) and (38) . Table 2 : The energy per particle E/Nat, chemical potential µ, and rms size ρ of the 2D GP equation (46) for γ = ν = 1, dz = 1 µm for the 52 Cr BEC with a = 6 nm, a dd = 16a 0 and different number of atoms Nat. In Eqs. (3) and (46) (50), (51) and (52). In table 2 we present results for the energy E, chemical potential µ, and rms size ρ of the 2D GP equation (46) for γ = ν = 1, d z = 1, l = 1 µm. The numerical results are calculated using different space and time steps dx, dy and dt and different number N at of 52 Cr atoms with a dd = 16a 0 and a = 6 nm. Axially-symmetric Gaussian variational approximations obtained from Eqs. (50), (51) and (52) are also presented for comparison. Now we present results of the solution of the 3D GP equation (3) with some axially-symmetric traps. In this case we take advantage of the cut-off introduced in Eq. (9) to improve the accuracy of the numerical calculation. The cut-off parameter R was taken larger than the condensate size and smaller than the discretization box. First we consider the model 3D GP equation with a = 0 and different g dd = 3a dd N at = 1, 2, 3, 4 in an axially-symmetric trap with λ = 1/2 and ν = γ = 1. The numerical results for different number of space and time steps together with Gaussian variational results obtained from Eqs. (18) and (19) are shown in table 3. These results for energy E and chemical potential µ are compared with those calculated by Asad-uz-Zaman et al. [16, 29] . The present calculation is performed in the Cartesian x, y, z coordinates and the dipolar term is evaluated by FT to momentum space. Asad-uz-Zaman et al. take advantage of the axial symmetry and perform the calculation in the axial ρ, z (ρ ≡ x, y) variables and evaluate the dipolar term by a combined Hankel-Fourier transformation to momentum space for ρ and z, respectively. The calculations of Asad-uz-Zaman et al. for stationary states involving two variables (ρ and z) thus could be more economic and accurate than the present calculation involving three Cartesian variables for the axially-symmetric configuration considered in table 3. However, the present method, unlike that of Ref. [16] , is readily applicable to the fully asymmetric configurations. Moreover, the present calculation for (3) for γ = ν = 1, λ 2 = 0.25, a = 0 and different nonlinearity g dd ≡ 3a dd Nat. The present numerical results are compared with Gaussian variational results obtained from Eqs. (18) and (19) as well as numerical results of Asad-uz-Zaman et al. [16, 29] . Numerical results are calculated for the following space and time steps and the following space discretizing points in the Crank-Nicolson discretization: (A) dx = dy = dz = 0.05, dt = 0.0004, (N X = N Y = N Z ≡ N = 384); (B) 0.1, dt = 0.002, (N = 128, R = 6); and (C) 0.2, dt = 0.007, (N = 64, R = 6). where one degree of freedom is frozen. For edxample, a votex could be unstable [30] in a full 3D calculation, whereas a 2D calculation could make the same vortex stable. Table 4 : Energy per particle E/Nat, and chemical potential µ from a solution of Eq. (3) for γ = ν = 1, λ 2 = 0.25, 4πa = 0.20716, 4πa dd = 0.033146 and different number Nat of atoms. These nonlinearity parameters taken from Ref. [9] correspond to a 52 Cr dipolar BEC with a ≈ 100a 0 and a dd ≈ 16a 0 and oscillator length l ≈ 0.321 µm. Variational and TF results as well as numerical results of Bao et al. [9] are also shown. Numerical results are calculated using the following space and time steps and the following space discretizing points in the Crank-Nicolson discretization: (A) dx = dy = dz = 0.15, dt = 0.002; (B) dx = dy = dz = 0.3, dt = 0.005. In (A) we take N X = N Y = N Z ≡ N = 128, R = 9 for Nat = 100, 500, 1000 and N = 192, R = 14, for Nat = 5000, 10000, 50000 ; and in (B) we take N = 64, R = 9, for Nat = 100, 500, 1000 and N = 96, R = 14, for Nat = 5000, 10000, 50000. Table 5 : The rms sizes x and z for the same systems illustrated in table 4 using the same cut-off parameter R. Table 6 : Energy per particle E/Nat, chemical potential µ, and rms sizes from a solution of Eq. (3) for 52 Cr atoms with γ = 1, ν 2 = 1/2, λ 2 = 1/4, a = 110a 0 , a dd = 16a 0 , and harmonic oscillator length l = 1 µm for different Nat. Numerical results are calculated using the following space and time steps and the following space discretizing points in the Crank-Nicolson discretization: (A) dx = dy = dz = 0.1, dt = 0.001; and (B) 0.2, dt = 0.003. In (A) we take N X = N Y = N Z ≡ N = 128, R = 6 for Nat = 100, 500, 1000 and N = 256, R = 10.5, for Nat = 5000, 10000, 50000 ; and in (B) we take N = 64, R = 6, for Nat = 100, 500, 1000 and N = 128, R = 12, for Nat = 5000, 10000, 50000. Next we consider the solution of the 3D GP equation (3) for a model condensate of 52 Cr atoms in a cigarshaped axially-symmetric trap with γ = ν = 1, λ = 1/2, first considered by Bao et al. [9] . The nonlinearities considered there (4πa = 0.20716, 4πa dd = 0.033146) correspond to the following approximate values of a, a dd and l: a ≈ 100a 0 , a dd ≈ 16a 0 , and l = 0.321 µm. We present results for energy E and chemical potential µ in table 4 and rms sizes z and x in table 5. We also present variational and Thomas-Fermi (TF) results in this case together with results of numerical calculation of Bao et al. [9] . The TF energy and chemical potential in table 4 are calculated using Eqs. (21) and (26), respectively. The TF sizes x and z in table 5 are obtained from Eqs. (24) and (25) using the TF density (20) . For small nonlinearities or small number of atoms, the Gaussian variational results obtained from Eqs. (13), (14), (18), and (19) are in good agreement with the numerical calculations as the wave function for small nonlinearities has a quasi-Gaussian shape. However, for large nonlinearities or large number of atoms, the wave function has an approximate TF shape (20) , and the TF results provide better approximation to the numerical results, as can be seen from tables 4 and 5.
After the consideration of 3D axially-symmetric trap now we consider a fully anisotropic trap in 3D. In table 6 we present the results for energy E/N at , chemical potential µ and rms sizes x , y , z of a 52 Cr BEC in a fully anisotropic trap with γ = 1, ν = 1/ √ 2, λ = 1/2 for different number of atoms. In this case we take a = 110a 0 , a dd = 16a 0 and l = 1 µm. The convergence of the calculation is studied by taking reduced space and time steps dx and dt and different number of space discretization points. Sufficient number of time iterations are to be allowed in each case to obtain convergence. In 3D the estimated numerical error in the calculation is less than 0.05%. The error is associated with the intrinsic accuracy of the FFT routine for long-range dipolar interaction.
The 1D and 2D GP equations (29) and (46) are valid for cigar-and disk-shaped BECs, respectively. In case of cigar shape the 1D GP equation yields results for axial density and in this case it is appropriate to compare this density with the reduced axial density obtained by integrating the 3D density over radial coordinates: n(z) ≡ |ϕ(z)| 2 = |φ(x, y, z)| 2 dx dy. In Fig. 1 (a) we compare two axial densities obtained from the 1D and 3D GP equations. We also show the densities calculated from the Gaussian variational approximation in both cases. In the cigar case the trap parameters are ν = γ = 1, λ = 1/4. Similarly, for the disk shape it is interesting to compare the density along the radial direction in the plane of the disk as obtained from the 3D equation (3) and the 2D equation (46). In this case it is appropriate to calculate the 1D radial density along, say, x direction by integrating 2D and 3D densities as follows: n 1D (x) = dy|φ 2D (x, y)| 2 and n 1D (x) = dydz|φ 3D (x, y, z)| 2 . In Fig. 1 (b) we compare two radial densities obtained from the 2D and 3D GP equations. We also show the densities calculated from the Gaussian variational approximation in both cases. For this illustration, we consider the trap parameters ν = γ = 1, λ = 4. In both Figs and (b), the densities obtained from the solution of the 3D GP equation are in satisfactory agreement with those obtained from a solution of the reduced 1D and 2D equations. In Fig. 1 , the numerical and variational densities are pretty close to each other, so are the results obtained from the 3D equation (3), on the one hand, and the ones obtained from the 1D and 2D equations (29) and (46), on the other. A dipolar BEC is stable for the number of atoms N at below a critical value [31] . Independent of trap parameters, such a BEC collapses as N at crosses the critical value. This can be studied by solving the 3D GP equation using imaginary-time propagation with a nonzero value of NSTP while the nonlinearities are slowly increased. In Fig. 2 (a) we present the N at − a stability phase plot for a 164 Dy BEC with a dd = 130a 0 in the disk-shaped trap with ν = γ = 1, λ = 5 and 7. The oscillator length is taken to be l = 1 µm. The shaded area in these plots shows a metastable region where biconcave structure in 3D density appears. The metastable region corresponds to a local minimum in energy in contrast to a global minimum for a stable state. It has been established that this metastability is a manifestation of roton instability encountered by the system in the shaded region [31] . The biconcave structure in 3D density in a disk-shaped dipolar BEC is a direct consequence of dipolar interaction: the dipolar repulsion in the plane of the disk removes the atoms from the center to the peripheral region thus creating a biconcave shape in density. In Figs and (c) we plot the 3D isodensity contour of the condensate for λ = 5 with parameters in the shaded region corresponding to metastability. In Fig. 2 (b) the density on the contour is 0.001 whereas in Fig. 2 (c) , it is 0.027. Only for a larger density on the contour the biconcave shape is visible. The biconcave shape predominates near the central region of the metastable dipolar BEC.
In figure 1 we critically tested the reduced 1D and 2D equations (29) and (46) along the z axis and in the x − y plane, respectively, by comparing the different 1D densities from these equations with those obtained from a solution of the 3D equation (3) as well as with the variational densities. Now we perform a similar test with the reduced 1D and 2D equations (41) and (55) along the x axis and in the x − z plane, respectively. We consider a BEC of 2000 atoms in a disk-shaped trap in the x − z plane with λ = γ = 1 and ν = 4. Because of the strong trap in the y direction, the resultant BEC is of quasi-2D shape in the x − z plane without circular symmetry in that plane because of the anisotropic dipolar interaction. The integrated linear density along the x and z axes as calculated from the 2D GP equation (55) and the 3D GP equation (3) are illustrated in figure 3 (a) . Next we consider the BEC of 2000 atoms in a cigar-shaped trap along the x axis with ν = λ = 16 and γ = 1. The integrated linear density along the x axis in this case calculated from the 3D equation (3) is compared with the same as calculate using the reduced 1D equation (41) in figure 3 (b) . In both cases the densities calculated from the 3D GP equation are in reasonable agreement with those calculated using the reduced equations (55) and (41). Another interesting feature emerges from figures 1 and 3: the reduced 2D GP equations (46) and (55) with appropriate disk-shaped traps yield results for densities in better agreement with the 3D GP equation (3) as compared to the 1D GP equations (29) and (41) with appropriate cigar-shaped traps. This feature, also observed in non-dipolar BECs [17] , is expected as the derivation of the reduced 1D equations involving two spatial integrations represent more drastic approximation compared to the same of the reduced 2D equations involving one spatial integration. Now we report the dynamics of the dipolar BEC by real-time propagation using the stationary state calculated by imaginary-time propagation. In Fig. 4 (a) we show the oscillation of the rms sizes z and ρ from the reduced 1D and 2D GP equations (29) and (46), respectively. In Fig. 4 (a) we consider N at = 10000, a dd = 16a 0 (appropriate for 52 Cr), a = 6 nm (≈ 113a 0 ) and oscillator length l = 1 µm. In 1D, we take dx = 0.025, dt = 0.0001, λ = 1, d ρ = 1, number of space points N = 2048, and in 2D, we take dx = dy = 0.2, dt = 0.001, γ = ν = 1, d z = 1, N X = N Y = 512.in real-time simulation the oscillation is started by multiplying the nonliniarities with the factor 1.05. To impliment this, in real-time routine we take GPAR = GDPAR = 1.1 and also take NSTP = 0 to read the initial wave function. In 1D and 2D we also present results of the Gaussian variational approximations after a numerical solution of Eqs. (36) and (50), respectively. The frequency of the resultant oscillations agree well with the numerical 1D and 2D calculations. However, slight adjustment of the initial conditions, or initial values of width and its derivative, were necessary to get an agreement of the amplitude of oscillation obtained from variational approximation and (36) and (50) are also shown. (b) Numerical results for oscillation of rms sizes x , y and z from the real-time simulation in 3D using Eq. (3), for Nat = 1000, a = 110a 0 , a dd = 16a 0 , l = 1 µm, γ = 1, ν = 1/ √ 2, λ = 1/2, N X = N Y = N Z = 128, dx = dy = dz = 0.2, and dt = 0.002 while a and a dd were both multiplied by 1.1 after NPAS iterations. In all cases the real-time calculation was performed with NSTP = 0 reading the 3D density from the numerical solution of the imaginary-time program using the same parameters.
numerical simulation. The initial values of width and its derivative are necessary to solve the variational Eqs. (36) and (50). In Fig. 4 (b) we illustrate the oscillation of the rms sizes x , y , and z in 3D using Eq. (3), where we perform real-time simulation using the bound state obtained by imaginary-time simulation as the initial state. The parameters used are N at = 1000, a = 110a 0 , a dd = 16a 0 , γ = 1, ν = 1/ √ 2, λ = 1/2, l = 1 µm, N X = N Y = N Z = 128, dx = dy = dz = 0.2, dt = 0.002 in both real-and imaginary-time simulations. In addition, in real-time simulation the oscillation is started by multiplying the nonliniarities with the factor 1.1. To impliment this, in real-time routine we take GPAR = GDPAR = 1.1 and also take NSTP = 0 to read the initial wave function.
Summary
We have presented useful numerical programs in Fortran and C for solving the dipolar GP equation including the contact interaction in 1D, 2D, 3D. Two sets of programs are provided. The imaginarytime programs are appropriate for solving the stationary problems, while the real-time codes can be used for studying non-stationary dynamics. The programs are developed in Cartesian coordinates. We have compared the results of numerical calculations for statics and dynamics of dipolar BECs with those of Gaussian variational approximation, Thomas-Fermi approximation, and numerical calculations of other authors, where possible.
